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COUNTING MINIMAL SURFACES IN NEGATIVELY
CURVED 3-MANIFOLDS
DANNY CALEGARI, FERNANDO C. MARQUES, AND ANDRE´ NEVES
Abstract. We introduced an asymptotic quantity that counts area-
minimizing surfaces in negatively curved closed 3-manifolds and show
that quantity to only be minimized, among all metrics of sectional cur-
vature ≤ −1, by the hyperbolic metric.
1. Introduction
A classical and beautiful result in geometry says that if (M,h0) is a closed
locally symmetric Riemannian manifold with strictly negative curvature and
h another negatively curved Riemannian metric onM with the same volume
as h0, then the quantity
δ(h) := lim
L→∞
ln#{lengthh(γ) ≤ L : γ closed geodesic in (M,h)}
L
satisfies δ(h) ≥ δ(h0) and equality implies that h is isometric to h0.
This follows from combining a theorem of Margulis [21] which identi-
fied the right hand side in the inequality above as the topological entropy
for negatively curved metrics, a theorem of Manning [20] which says that
the volume entropy and topological entropy coincide for negatively curved
metrics, and a theorem of Besson–Courtois–Gallot [6] which says that g0
minimizes the volume entropy among all metric with the same volume.
Closed geodesics are a particular case of minimal surfaces and in the last
years great progress has been made regarding existence of minimal hyper-
surfaces. For instance, for closed Riemannian manifold M of dimension
between 3 and 7, Irie and the last two authors [14] showed that, for generic
metrics, the set of all closed embedded minimal hypersurfaces is dense inM ;
jointly with Song [26] the last two authors showed that, for generic metrics,
there is a sequence of closed embedded minimal hypersurfaces that becomes
equidistributed; Song [34] showed that for every Riemannian metric on M ,
there are always infinitely many distinct closed embedded minimal hyper-
surfaces; Zhou [37] solved the Multiplicity One Conjecture made by the last
two authors, which when combined with [25] implies that, for generic met-
rics, there is a closed embedded minimal hypersurface of Morse index p for
every p ∈ N.
The second author is partly supported by NSF-DMS-1811840. The third author is
partly supported by NSF DMS-1710846 and a Simons Investigator Grant.
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The purpose of this paper is to study minimal surfaces in a closed ori-
entable 3-manifold in the spirit of the entropy functional mentioned at the
beginning of the introduction.
Before we state the main theorem we need to introduce some concepts.
Throughout this paper, M will denote a closed orientable 3-manifold that
admits an hyperbolic metric. A closed immersed genus g surface Σ ⊂M is
essential if the immersion ι : Σ→M injects pi1(Σ) into pi1(M). In this case,
the group G = ι∗(pi1(Σ)) is called a surface subgroup of genus g and surface
subgroups of immersions homotopic to ι are in one to one correspondence
with conjugates of G by an element of pi1(M).
Let S(M,g) denote the set of surfaces subgroups of genus at most g of
pi1(M) modulo the equivalence relation of conjugacy. We abuse notation
and see an element Π ∈ S(M,g) as being either all subgroups of pi1(M) that
are conjugate to a fixed surface group of genus at most g or the set of all
essential immersions of surfaces ι : Σ → M for which ι∗(pi1(Σ)) ∈ Π. Khan
and Markovic [16, 17] showed that surface subgroups exist for all large genus
and estimated the cardinality of S(M,g).
Consider a Riemannian metric h on M and denote the hyperbolic metric
by h¯. Given Π ∈ S(M,g) we define
areah(Π) = inf{areah(Σ) : Σ ∈ Π},
where areah(Σ) denotes the area computed with respect to the metric ι
∗h.
Given ε ≥ 0 we define S(M,g, ε) to be the conjugacy classes in S(M,g)
whose limit set is a (1 + ε)-circle (see Definition 2.3) and set
Sε(M) = ∪g∈NS(M,g, ε).
We are interested in the following geometric quantity
(1) E(h) = lim
ε→0
lim inf
L→∞
ln#{areah(Π) ≤ 4pi(L− 1) : Π ∈ Sε(M)}
L lnL
.
Note that if ε < ε′, then Sε(M) ⊂ Sε′(M) and so the limit in the ε-variable
is well defined. In this paper we show
Theorem 1.1. Given a Riemannian metric h on M with volume entropy
denoted by Evol(h) we have E(h) ≤ 2Evol(h)
2.
If the sectional curvature of h is less or equal than −1 then
E(h) ≥ E(h¯) = 2
with equality if and only if h is the hyperbolic metric.
As far as the authors know, this is the first result giving asymptotic
rigidity for the areas of minimal surfaces.
One obvious challenge is that the results in [6, 20, 21] rely on the dy-
namical properties of the geodesic flow, which have no analogue for minimal
surfaces. For this reason we restricted our asymptotic counting invariant
to the homotopy classes in Sε(M) so that the dynamical properties of the
geodesic flow can be of use.
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The fact that one can compute E(h¯) follows from [17] and from the work of
Uhlenbeck in [36]. The inequality in Theorem 1.1 is a consequence of Gauss-
Bonnet Theorem. The uniqueness statement in Theorem 1.1 will follow in
two steps. First we combine minimal surface theory with the strong rigidity
properties of totally geodesic discs proven independently by Shah [33] and
Ratner [30] to find, for every v ∈ TpM , a totally geodesic hyperbolic disc in
(M,g) containing (p, v) in its tangent space. This will occupy most of the
proof . Then we use the ergodicity of the frame flow due to Brin–Gromov
[9] to show that the sectional curvature of every plane is −1.
We now briefly review some previous results related to our work.
Shah [33] and Ratner [30] showed that a totally geodesic immersion of
H
2 in a compact hyperbolic manifold has its image either dense or a closed
surface. McMullen–Mohammadi–Oh recently generalized this result to the
non-compact case [27].
McReynolds and Reid [28] showed that arithmetic hyperbolic 3-manifolds
which have the same (non-empty) set of totally geodesic surfaces are com-
mensurable, i.e., covered by a common closed 3-manifold. It is not expected
that the areas of all totally geodesic surfaces will determine the commensu-
rability class of the arithmetic hyperbolic 3-manifolds [23]. Jung [15] studied
the asymptotic behavior of the areas of totally geodesic surfaces for some
arithmetic hyperbolic 3-manifolds.
Totally geodesic surfaces in hyperbolic manifolds have the attractive fea-
ture that they are preserved by the geodesic flow but their existence is not
guaranteed. For instance, there are closed hyperbolic 3-manifolds which
admit no totally geodesic immersed closed surface [19, Chapter 5.3] and
even finite volume hyperbolic 3-manifolds which admit no totally geodesic
immersed finite area surfaces either [10]. Recently it was shown that a
closed hyperbolic 3-manifolds having infinitely many totally geodesic sur-
faces [3, 22] is arithmetic.
Finally, it was shown in [29] that the commensurability class of a closed
hyperbolic 3-manifold is determined by their surface groups.
Acknowledgements: The authors would like to thank Ursula Hamensta¨dt
for her comments and remarks.
2. Notation and preliminaries
We set up the basic notation and then discuss several results all well-
known among the experts.
There is a discrete subgroup Γ ⊂ Isom+(H3) = PSL(2,C) so that M =
H
3 \ Γ is a closed orientable 3-manifold and we fix an isomorphism between
pi1(M) and Γ. A Riemannian metric on M is denoted by h and the hyper-
bolic metric is denoted by h¯. Geometric quantities with respect to the metric
h will usually have the subscript h, while the same quantities will have no
subscript if computed with respect the metric h¯. For instance, the distance
between two points p, q, the area of an immersed surface φ : Σ → M , or
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the Hausdorff distance between sets A,B with respect to the metric φ∗h¯
and φ∗h, respectively, are denoted by d(p, q), dh(p, q), area(Σ), areah(Σ) or
dH(A,B), dH,h(A,B). Note that if Σ is a k-cover of a surface Σ˜, then
areah(Σ) = k areah(Σ˜).
Let (B3, h) denote the universal cover of (M,h) and S2∞ denote its sphere
at infinity, which is defined as the set of all asymptote classes of geodesic rays,
where two geodesic rays γi : [0,+∞)→ B
3, i = 1, 2, define the same asymp-
tote class, denoted by γ1(+∞), if limt→∞ dh(γ1(t), γ2(t)) < +∞. There is a
natural topology on B
3
:= B3∪S2∞, the cone topology (see [1] for instance),
for which B¯3 is homeomorphic to a 3-ball. Given a set Ω ⊂ B3 we denote
by Ω its closure in B
3
and ∂∞Ω stands for Ω ∩ S
2
∞. We follow convention
and denote (B3, h¯) simply by H3.
An essential immersion φ : Σ → M must have genus ≥ 2 (by Preissman
Theorem) and thus φ admits a lift φ¯ : D → H3 from a disc D onto H3.
To ease notation, we will often identity the immersions of Σ or D with its
images in M or H3, respectively. This will create an ambiguity when Σ is a
k-cover of another surface Σ˜, but it will be clear from the context whether
we are referring to the immersion (when we compute area for instance) or
to the image set in M (when we compute Hausdorff distances for instance).
Given an essential surface Σ ⊂ M with surface group G < Γ, there is a lift
D ⊂ H3 that is invariant under G. Any other disc D′ ⊂ H3 lifting Σ is
invariant under a group G′ < Γ that is conjugate to G. Necessarily we have
(with an obvious abuse of notation) D \G = D′ \G′ = Σ.
The Grassmanian bundle of unoriented 2-planes in M or H3 is denoted
by Gr2(M) or Gr2(H
3), respectively. An immersed surface Σ in M (or its
lift D in H3) induces a natural immersion into Gr2(M) (or Gr2(H
3)) via the
map p 7→ (p, TpΣ) (or p 7→ (p, TpD)).
2.1. Fundamental domains and Cayley graphs: Given a subgroupG <
PSL(2,C) acting properly discontinuous on H3, a fundamental domain ∆ ⊂
H
3 for H3 \G is a closed region so that
(i) ∪φ∈Gφ(∆) = H
3;
(ii) φ ∈ G and φ(∆) ∩ int ∆ 6= ∅ =⇒ φ = Id.
Because the manifold M is compact, we can choose its fundamental domain
∆ to be a convex polyhedron with finitely many totally geodesic faces. Such
domains are called Dirichlet fundamental domain. Each compact set K ⊂
H
3 intersects only finitely many elements of {φ(∆)}φ∈Γ.
Given a subgroup G < Γ, we consider the set Γ \G = {φG : φ ∈ Γ} and
pick a representative φ in each coset φG.
Lemma 2.1. ∆G = ∪φ∈Γ\Gφ
−1(∆) is a fundamental domain for H3 \G.
Proof. The reader can check that ∆G is closed and that ∪φ∈Gφ(∆G) = H
3.
Suppose there is ψ ∈ G and x ∈ ψ(∆G)∩int ∆G. Because x ∈ int ∆G we can
find a finite set A ⊂ Γ \G and an open set U so that x ∈ U ⊂ ∪φ∈Aφ
−1(∆).
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Likewise we have x ∈ ψ(σ−1(∆)) for some σ ∈ Γ \G. We must have
ψ(σ−1(int ∆)) ∩
(
∪φ∈Aφ
−1(∆)
)
6= ∅
and thus (σψ−1)−1 = φ−1 for some φ ∈ A. Hence σ = φ and ψ = Id. 
Fix p ∈ H3. Choosing R large enough, the set A = {φ ∈ Γ : d(p, φ(p)) ≤
R} generates Γ. The Cayley graph Gr(Γ, A) of Γ generated by A is defined
as having vertices {φ(p)}φ∈Γ and two vertices ψ(p), φ(p) are connected by
an edge if φψ−1 ∈ A. The graph Gr(Γ, A) admits a distance function d,
where d(φ,ψ) is the word length of φψ−1, and the norm of φ ∈ Γ is given
by |φ| = d(φ, Id). The Hausdorff distance with respect to d is denoted by
dH . We will need the following lemma
Lemma 2.2. There is a constant c > 0 depending on the Dirichlet domain
∆ containing p so that
Bn/c−c(p) ⊂ ∪|φ|≤nφ(∆) ⊂ Bnc+c(p) for all n ∈ N.
Proof. The Sˇvarc-Milnor Lemma says that the map Γ→ H3, φ 7→ φ(p) is a
quasi-isometry meaning there is a constant K so that
i) H3 = ∪φ∈ΓBK(φ(p));
ii) for all ψ, φ ∈ Γ,
K−1d(φ(p), ψ(p)) −K ≤ d(φ,ψ) ≤ Kd(φ(p), ψ(p)) +K
and there are constants n1 ∈ N, K1 > 0 so that BK1(p) ⊂ ∪|φ|≤n1φ(∆) and
∆ ⊂ BK1(p). The constant c can be computed in terms of n1,K,K1 and we
leave it to the reader. 
The Sˇvarc-Milnor Lemma mentioned above also says that choice of a
generating set or different base points would give another Cayley graph that
is quasi-isometric to Gr(Γ, A). We abuse notation and simply denote the
Cayley graph by Γ.
2.2. Morse Lemma: A curve γ : R→ H3 is a (K, c) quasi-geodesic if
K−1d(γ(t), γ(s)) − c ≤ |t− s| ≤ Kd(γ(t), γ(s)) + c for all s, t ∈ R.
A geodesic in B3 with respect to the metric h is a (K, 0) quasi-geodesic for
some K = K(h).
Morse’s Lemma (see [18, Theorem 2.3] for instance) gives the existence
of r0 = r0(K, c) such that for every (K, c) quasi-geodesic γ in H
3 there is
a unique (up to reparametrization) geodesic σ in H3 so that the Hausdorff
distance between σ(R) and γ(R) is bounded by r0.
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2.3. Limit sets and quasi-Fuchsian manifolds: Given a discrete sub-
group acting properly discontinuously G < PSL(2,C), the limit set Λ(G) ⊂
S2∞ is defined as being the set of accumulation points in S
2
∞ of the orbit Gx,
where x ∈ H3. It is well known that the definition is independent of the
point x ∈ H3 chosen and that the limit set is closed. Elements φ ∈ PSL(2,C)
induce conformal maps of S2∞ and one has that Λ(φGφ
−1) = φ(Λ(G)). From
this one deduces Λ(G) is G-invariant.
A C1-map F : S2∞ → S
2
∞ is said to be quasiconformal with dilation
bounded by some K ∈ [1,+∞) if for for every point p, DFp sends circles
into ellipses whose eccentricity (ratio between major axis and minor axis) is
bounded by K. Conformal maps are quasi-conformal maps with K = 1.
If Λ(G) is a geometric circle, then G is called a Fuchsian group and if Λ(G)
is a Jordan curve, then G is called a quasi-Fuchsian group. In this case, it is
known [35, Proposition 8.7.2] that Λ(G) is a K-quasicircle, meaning there is
a quasiconformal map F with dilation bounded by K that maps the equator
to Λ(G).
Definition 2.3. A discrete subgroup acting properly discontinuously G <
PSL(2,C) is ε-Fuchsian if Λ(G) is a (1 + ε)-quasicircle. This notion is in-
variant under conjugacy.
The normal bundle of an orientable surface S ⊂M is denoted by T⊥S ≃
S × R. When the background metric is the hyperbolic metric, Uhlenbeck
proved the following result in [36, Theorem 3.3].
Theorem 2.4. Let S ⊂M be an orientable minimal surface with principal
curvatures |λ(x)| ≤ λ0 ≤ 1 for all x ∈ S. Then
(i) The exponential map exp : T⊥S → M is a covering map and thus
G := exp∗(pi1(S)) is a surface group;
(ii) G is a quasi-Fuchsian group and N := H3 \ G ≃ T⊥S is complete
hyperbolic manifold;
(iii) S is embedded, area-minimizing, and the only closed minimal surface
in N ;
(iv) For all t > tanh−1(λ0), the region S × [−t, t] ⊂ N is strictly convex
and is boundary has principal curvatures bounded from above by
sinh t+ cosh tλ0
cosh t+ sinh tλ0
.
The last property is not explicitly stated in [36, Theorem 3.3] but from
its proof one sees that the surface S × {t} ⊂ N has principal curvatures
λt±(x) =
sinh t± cosh tλ(x)
cosh t± sinh tλ(x)
,
which readily implies property (iv).
2.4. Totally geodesic planes. Consider C to the set of all geometric cir-
cles (of varying radii) in S2∞. This set is non-compact and in one-to-one
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correspondence with the totally geodesic discs in H3 because given any
γ ∈ C there is exactly one totally geodesic disc C(γ) ⊂ H3 such that
∂∞C(γ) := S
2
∞ ∩ C(γ) is identical to γ.
Every φ ∈ PSL(2,C) induces a map from C to C (still denoted by φ)
such that φ(C(γ)) = C(φ(γ)). Hence, the group Γ acts naturally on C.
The following result was proven independently by Ratner [30] and Shah
[33].
Theorem 2.5. Given γ ∈ C, either C(γ) projects to a closed surface in M
or its natural immersion into Gr2(H
3) projects to a dense set in Gr2(M).
Given γ ∈ C, consider the orbit Γγ := {φ(γ) : φ ∈ Γ} ⊂ C.
Using the fact that {γi}i∈N ∈ C converges to γ ∈ C if and only if C(γi)
converges to C(γ) on compact sets of H3, we leave to the reader to check
that Γγ is dense in C if and only if the natural immersion of C(γ) into
Gr2(H
3) projects to a dense set in Gr2(M).
The next theorem was essentially proven Theorem 11.1 in [27]. We provide
the modifications that need to be made.
Theorem 2.6. Consider L ⊂ C a closed set that is Γ-invariant.
Suppose that no element in L has a dense Γ−orbit in C. Then every
γ ∈L is isolated and has C(γ) projecting to a closed surface in M .
Proof. Every γ ∈ L must have C(γ) projecting to a closed surface in M
because otherwise Theorem 2.5 would say that Γγ is dense in C.
We argue by contradiction and suppose there is γi ∈ L converging to γ
in L as i→∞ with γi 6= γ. Set
Γγ = {φ ∈ Γ : φ(γ) = γ}.
The action of Γγ preserves C(γ) and C(γ)\Γγ corresponds to a closed surface
because C(γ) projects to a closed surface in M .
Choose a disc Ω ⊂ S2∞ so that ∂Ω = γ. Either Γ
γ preserves Ω or it
contains a normal subgroup of index 2 that preserves Ω. If the latter occurs,
relabel Γγ to be that subgroup. By swapping Ω with its complement in S2∞
if necessary and after possibly passing to a subsequence of {γi}i∈N, we can
assume that γi ∩ Ω 6= ∅ for all i ∈ N.
The disc D carries a natural hyperbolic metric hΩ conformal to the round
metric in S2∞ and each map in Γ
γ is an orientation preserving isometry of Ω
with respect to the metric hΩ. Finally, Ω \ Γ
γ is isometric to C(γ) \ Γγ and
so the group Γγ is a nonelementary, convex, cocompact Fuchsian group as
defined in [27, Section 3]. Hence we can apply Corollary 3.2 of [27] which
says that if we consider the set H(D) of all horocycles in (Ω, hΩ), i.e.,
H(Ω) = {σ ∈ C : σ ⊂ Ω, σ ∩ ∂Ω 6= ∅},
then the closure of
⋃
Γγγi, and hence L, contains H(Ω).
From Theorem 4.1[27] there exists a dense set Λ0 ⊂ S
2
∞ such that if σ ∈ C
intersects Λ0, then Γσ is dense in C. Necessarily, Λ0 must intersect some
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element of H(Ω) and so there is σ ∈ L for which Γσ is dense in C. Thus
C(σ) does not project to a closed surface in M , which is a contradiction.

2.5. Frame flow. We denote the bundle of oriented orthonormal frames of
M with respect to h¯ or h by F(M) and F(M)(h) respectively.
The frame flow Ft : F(M)(h) → F(M)(h) is defined in the following
way: given an oriented frame (e1, e2, e3) for TpM ,
Ft(p, (e1, e2, e3)) = (γ(t), (γ
′(t), e2(t), e3(t)))
where γ(t) = expp(te1), and e2(t), e3(t) denote the parallel transport of e2, e3
along γ. An important result which we will use, due to Brin and Gromov
[9], says that when (M,h) is negatively curved the frame flow is ergodic and
in particular has a dense orbit in F(M)(h).
3. Convex hulls
In this section we assume that (M,h) has sectional curvature less than or
equal to −1.
Given a closed set Λ ⊂ S2∞, its convex hull Ch(Λ) ⊂ B¯
3 denotes the
smallest geodesically closed set of B¯3 (with respect to the metric h) that
contains Λ.
The goal of this section is to prove the following result.
Theorem 3.1. Let S ⊂ M be a minimal surface (with respect to h¯) with
principal curvatures |λ(x)| ≤ λ0 < 1 for all x ∈ S and Σ ⊂ M a minimal
surface with respect to h in the homotopy class of S. Then, denoting by
D,Ω ⊂ H3 the lifts of S and Σ, respectively, that are invariant by the same
surface group we have
dH(D,Ω) ≤ R
for some constant R = R(h, λ0).
Bangert and Lang proved similar results to the theorem above (see [4] and
references therein) under the conditions that D and Ω are quasi-minimizing.
While that will be true for D, it is not necessarily true for Ω and so the result
cannot be straightforwardly applied. It is conceivable that their proof could
be extended to our setting but we chose a different argument.
Given p ∈ B3, the cone over Λ centered at p with respect to the metric h
is given by
Cop(Λ) := clo{γ(t) : γ a geodesic with γ(0) = p, γ(∞) ∈ Λ, 0 ≤ t <∞},
where the closure is taken with respect to the cone topology. One has
Cop(Λ) ∩ S
2
∞ = Λ.
The space (B3, h) has sectional curvature less than or equal to −1 and
is thus δ¯-hyperbolic for some universal constant δ¯, meaning that a side in
any geodesic triangle (with vertices possibly in S2∞) is contained in the δ¯-
neighborhood of the union of the other two sides. Thus if p, q ∈ B3, x ∈ S2∞,
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and γ, σ denote geodesic rays (with respect to h) staring at p, q respectively
with γ(∞) = σ(∞) = x then, with l denoting the geodesic connecting p to
q, we have that γ is contained in the δ¯-neighborhood of the union of σ and
l. Therefore
(2) dH,h(Cop(Λ),Coq(Λ)) ≤ δ¯ + dh(p, q).
Likewise, Cop(Λ) is δ¯-quasiconvex, meaning that given any x, y in Cop(Λ),
the geodesic connecting x to y is contained in a δ¯-neighborhood of Cop(Λ).
Proposition 3.2. There is R = R(h) so that given a closed set Λ ⊂ S2∞
then Ch(Λ) ∩ S
2
∞ = Λ and
dH(Ch(Λ), Ch¯(Λ)) ≤ R.
Proof. The key step in the proof is the following claim:
Claim 1:There is R = R(h) so that for every p ∈ Ch(Λ),
dH,h(Ch(Λ),Cop(Λ)) ≤ R.
In particular, Ch(Λ) ∩ S
2
∞ = Λ.
We have at once that Cop(Λ) ⊂ Ch(Λ). In Proposition 2.5.4 of [8],
Bowditch used the existence of certain convex sets constructed by Anderson
in [2] and the fact that Cop(Λ) is δ¯-quasiconvex to show the existence of
a constant R = R(h) so that Ch(Λ) is contained in a R-neighborhood of
Cop(Λ). This implies the claim.
If γ, γ¯ are two geodesics with respect to h and h¯ respectively that connect
p ∈ H3 (or y ∈ S2∞) to x ∈ S
2
∞, Morse’s Lemma gives the existence of a
constant r0 depending only on h so that dH(γ, γ¯) ≤ r0. From this we deduce
that
dist(Ch(Λ), Ch¯(Λ)) ≤ r0 and dH(Cop(Λ, h),Cop(Λ, h¯)) ≤ r0,
where Cop(Λ, h) denotes the cone with respect to h. Combining these in-
equalities with (2) and Claim 1 we deduce the desired result at once. 
Let G be a quasi-Fuchsian surface group and set N := H3 \ G. Because
Λ(G) ⊂ S2∞ is G-invariant, Ch(Λ(G)) is also G-invariant and Ch(N) :=
Ch(Λ(G)) \G is a compact subset of the N (see [35, Section 8.2]).
Proposition 3.3. Every closed immersed minimal surface in (N,h) is con-
tained in Ch(N).
Proof. Let d˜ : N → [0,∞) be the distance function to Ch(N). If pi denotes
the projection from (B3, h) to (N,h), we have that pi−1(Ch(N)) = Ch(Λ(G))
is a geodesically convex set and so Proposition 4.7 in [7] says that d˜ is a
continuous convex function (Theorem 4.7 [7] is misstated because it requires
the subset of N to be geodesically convex instead of requiring the inverse
image of the set under the covering map to be geodesically convex).
Given Σ a closed connected minimal immersion, there is l > 0 so that
Σ ⊂ d˜−1[0, l) and set K = d˜−1[0, l + 1].
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The function d˜ does not have to be smooth but we can apply [11, Theorem
2] to obtain a sequence of smooth functions {φi}i∈N so that φi tends to d˜
uniformly in K as i→∞ and, setting
λ(φi) = min{D
2φi(v, v) : x ∈ K, v ∈ TxN, |v| = 1},
we have lim inf i→∞ λ(φi) ≥ 0. Hence ∆Σφi ≥ λ(φi) on Σ because Σ is a
minimal surface.
Set φ+i = max{φi, 0}. We have∫
{x∈Σ:φi≥0}
|∇φi|
2dAh = −
∫
Σ
φ+i ∆φidAh ≤ −λ(φi)
∫
Σ
φ+i dAh
and so
lim
i→∞
∫
{x∈Σ:φi≥0}
|∇φi|
2dAh = 0.
Suppose that Σ∩ d˜−1{δ} 6= ∅ for some l > δ > 0. Note that d˜ ∈W 1,2(Σ),
the functions φi converges weakly to d˜ in W
1,2(Σ) as i→∞, and so∫
d˜−1[δ,l]∩Σ
|∇d|2dAh ≤ lim inf
i→∞
∫
{x∈Σ:φi≥0}
|∇φi|
2dAh = 0.
Thus there is some t ≥ δ so that Σ ⊂ d˜−1(t). An inspection of the proof
of Proposition 4.7 of [7] shows that {d˜ ≤ t} is actually geodesically strictly
convex because the ambient curvature is strictly negative and so it cannot
contain the minimal surface Σ in its boundary ∂{d˜ ≤ t} = d˜−1(t). 
Proof of Theorem 3.1. Without loss of generality we can assume that S is
orientable.
Let G be the surface group that preserves bothD and Ω so that S = D\G
and Σ = Ω \ G. Set Λ to be the Jordan curve Λ(G). From Theorem 2.4
there is t¯ = t¯(λ0) so that
(3) dH(Ch¯(Λ),D) ≤ t¯
and, for all x ∈ D, if γx denotes the unit speed hyperbolic geodesic with
γx(0) = x and γ
′
x(0) orthogonal to TxD, we have
(4) dist(γ(t), Ch¯(Λ)) ≥ R+ 1 for all |t| ≥ t¯+R,
where R = R(h) is the constant given by Proposition 3.2.
From Proposition 3.3 we have that Ω ⊂ Ch(Λ) and thus we obtain from
(3) and Corollary 3.2 that Ω is contained in the t¯+R-neighborhood of D.
To deduce the other inclusion pick x ∈ D. We have that γx(+∞), γx(−∞)
lie in different connected components of S2∞ \ Λ. Because Ω ⊂ B
3
is a disc
with the same boundary as D, γx must intersect Ω in at least one point
γ(t) ∈ Ω ∩ γ. From (4) and Proposition 3.2 we have that |t| ≤ t¯+R and so
d(x,Ω) ≤ t¯+R. 
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4. Almost-Fuchsian surface groups
Let s(M,g, ε) denote the cardinality of S(M,g, ε), the set of ε-Fuchsian
surface subgroups of genus at most g, modulo the equivalence relation of
conjugacy. Recall that we defined Sε(M) = ∪g∈NS(M,g, ε).
Proposition 4.1. Suppose we have a sequence Πi ∈ Sδi(M), where δi → 0
as i → ∞. For each i ∈ N, there is an essential minimal surface Si in the
homotopy class Πi so that area(Si) = area(Πi) and
(5) lim
i→∞
||A||2L∞(Si) = 0.
Moreover, if Di is a disc lifting Si to H
3 that is preserved by the surface
group Gi < Γ induced by Si and intersecting a fixed compact set in H
3 for
all i ∈ N, there is a totally geodesic disc D ⊂ H3 such that, after passing
to a subsequence, Di converges smoothly to D on compact sets and Λ(Gi)
converges in Hausdorff distance to ∂∞D in S
2
∞.
Proof. For each i ∈ N, consider the essential immersion Si ⊂ M that mini-
mizes area with respect to the hyperbolic metric in the homotopy class Πi
(using [31] for instance). If Di is the minimal disc lifting Si to H
3 that is
preserved by the surface group Gi < Γ induced by Si then we have from
Theorem 1 in [32] that ||A||2L∞(Di) tends to zero as i → ∞. The author
achieves this by showing that the convex hull of Λ(Gi) is contained, for all i
sufficiently large, between two equidistant disks whose principal curvatures
are arbitrarily small, have the same boundary at S2∞, and are arbitrarily
close to each other in Hausdorff distance.
Assume that all the discs Di intersect a compact set. We now argue
that, after passing to a subsequence, the discs Di converge to a totally
geodesic disc with multiplicity one. From Theorem 2.4 we know that, for all i
sufficiently large, Di is embedded, Si is the unique closed embedded minimal
surface in Mi = H
3 \ Gi ≃ T
⊥Si and so area-minimizing in Mi among all
mod 2 cycles representing the same element in H2(Mi;Z2). As a result,
Di is locally area-minimizing among mod 2 cycles as well. Pick pi ∈ Di
which converges, after passing to a subsequence, to some p ∈ H3. From
the fact that for all i sufficiently large, the embedded discs Di are locally
area-minimizing among mod 2 cycles, we obtain from standard compactness
theory for minimal surfaces the existence of a totally geodesic disc D ⊂ H3
containing p such that, after passing to another subsequence, Di converges
graphically to D on compact sets.
Consider qi ∈ Λ(Gi), σi ⊂ H
3 the geodesic ray with σi(0) = pi, σi(+∞) =
qi, and γi ⊂ Di the geodesic ray (for the induced metric on Di) with γi(0) =
pi, γi(+∞) = qi. The geodesic curvature of γi in H
3 is a fixed amount
below 1 for all i sufficiently large and so, using tubular neighborhoods of
σi as barriers, we deduce the existence of r > 0 so that γi is contained
in a r-tubular neighborhood of σi for all i ∈ N. Thus, after passing to a
subsequence, both curves converge on compact sets to the same geodesic
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ray σ ⊂ D. Using this fact, the reader can deduce that Λ(Gi) converges in
Hausdorff distance to ∂∞D in S
2
∞. 
Using the above proposition we now show the following improvement to
the main results of [16, 17].
Theorem 4.2. There are positive constants c1 = c1(M,ε), c2 = c2(M), and
k = k(M,ε) ∈ N so that for all g ≥ k we have
(c1g)
2g ≤ s(M,g, ε) ≤ (c2g)
2g.
Moreover, there is a subset G(M,g, ε) ⊂ S(M,g, ε) with more than (c1g)
2g
elements so that any sequence of homotopy classes Πi ∈ G(M,gi, 1/i), i ∈ N
has a representative φ : Si →M so that
(a) Si is a minimal immersion with area(Si) = area(Πi) and
lim
i→∞
sup
Si
|A| = 0;
(b) after passing to a subsequence, the Radon measure
f ∈ C0(M) 7→ µi(f) =
1
area(Si)
∫
Si
f ◦ φdA
converges to a measure ν which is positive on every open set of M .
Proof. If s(M,g) denotes the cardinality of S(M,g), it was shown in Theo-
rem 1.1 from [17] the existence of c2 > 0 so that s(M,g) ≤ (c2g)
2g for all g
large. Since s(M,g, ε) ≤ s(M,g), the upper bound is verified.
We now verify the lower bound. In [16] the authors show that for all ε > 0
there is a Fuchsian group K (preserving a totally geodesic plane C(γ) for
some geodesic circle γ) and a (1 + ε)-quasiconformal map Φ : S2∞ → S
2
∞ so
that G = Φ ◦ K ◦ Φ−1 is a surface subgroup of Γ. The map Φ admits an
extension F : H3 → H3 that is equivariant with respect to K and G and a
(1+ oε(1), oε(1))- quasi-isometry, where oε(1) denotes a quantity depending
only on M and ε that tends to zero as ε → 0. As a result, the essential
surface Σε = F (C(γ) \K) ⊂ M induces an element of Sε(M). Σε has the
property that geodesics with respect to the intrinsic distance are (1 + ε, ε)-
quasigeodesics and we denote such surfaces by (1+ε)-quasigeodesic surfaces.
Let g0 denote the genus of Σε. If Σn denotes a degree n cover of Σε then
its genus is g = n(g0 − 1) + 1 and so Σn induces an element in s(M,g, ε).
The Mu¨ller-Puchta’s formula says that the number of index n subgroups of
a genus g0 orientable surface grows like 2n(n!)
2g0−2(1 + o(1)) and so (using
Stirling’s approximation) we get the estimate
s(M,g, ε) ≥ (c1g)
2g
where c1 > 0 depends on g0 which in turn depends only on M and ε.
We set G(M,g, ε) to be the homotopy classes that come from finite covers
of Σε and have genus less than or equal to g. We now describe in more detail
the properties of Σε as they will be needed to show that item (a) and (b) of
the theorem hold.
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In [13] Hamenstadt extended the results of [16] to some rank one locally
symmetric spaces, building on the work of Khan-Markovic. We follow the
geometric description and the notation of [13].
The basic building blocks are called (R, δ)-geometric skew-pants P (or
simply just geometric skew-pants) and they are defined in Section 4 and
Section 6 of [13]. The boundary of P consists of 3 closed geodesics inM and
P decomposes into 5 polygon regions (two center triangles and three twisted
bands using the notation in [13, Section 6]) with geodesic boundary. Each
polygon is a smooth immersion whose principal curvatures depend uniformly
on (R, δ) and can be made arbitrarily small by choosing R sufficiently large
and δ sufficiently small. Regions that share a common geodesic side have
the property that the corresponding co-normals make an angle as close to
pi as desired by choosing R large and δ small. Given any 0 < η < 1 there is
d > 0 (independent of R and δ) so that the set of points KP in P that are at
an intrinsic distance less than or equal to d from one of the center triangles
has (1−η)2pi ≤ area(KP ) ≤ area(P ) ≤ (1+η)2pi for all R large and δ small.
The seams of a geometric skew-pants P are three shortest geodesic arcs in
M (in the homotopy class defined by P ) that connect the three boundary
geodesics of P .
The quasigeodesic surface Σε is constructed by attaching several pairs of
(R, δ)-geometric skew-pants P,P ′ (see [13, Definition 6.1] for the rigorous
definition) so that they share a common boundary geodesic β (with opposite
induced orientations), the tangent planes of P and P ′ along β can be made
uniformly close to each other as R → ∞ and δ → 0, and the endpoints of
seams at P in β are at a fixed distance from the endpoints of seams at P ′.
This last property is important to ensure that a surface constructed this way
will be (1 + ε)-quasigeodesic if R and δ are respectively very large and very
small (see [13, Proposition 6.2]). Note that necessarily area(Σε) ≃ 4pi(g−1)
where g is the genus of Σε and that in [13, Lemma 3.1] it is shown that Σε
is a locally CAT(−1/2) space for all ε sufficiently small.
With 0 < η < 1 fixed, consider the set of points K in Σε that are at an
intrinsic distance less than or equal to d (given as before) from any of the
center triangles coming from the geometric skew-pants. We have
(6) area(K) ≥ (1− η)(1 + η)−1area(Σε)
and there is r > 0 so that, for all R large and δ small, any intrinsic ball
Bˆr(x) in Σε of radius r centered at x ∈ K intersects at most a finite number
of the polygonal regions with geodesic boundary. In particular, by making
R large and δ small, we have Bˆr(x) arbitrarily close to a totally geodesic
disc for all x ∈ K. Call that region Kη.
Consider the minimal representatives Si in the homotopy class Πi ∈
G(M,gi, 1/i), i ∈ N, given by Proposition 4.1. Each Si is homotopic to
a (1+1/i)-quasigeodesic surface Σi and choose discs Di,Ωi ⊂ H
3 that cover
Si and Σi, respectively, and such that ∂∞Di = ∂∞Ωi. For all i sufficiently
large, Ωi is a CAT(−1/2) space [5, Theorem II.4.1] for which every geodesic
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arc can be extended [5, Proposition II.5.10]. Combining with the fact that
the principal curvatures of Si tend to zero and that geodesics in Σi lift to
(1 + oi(1))-quasigeodesics in H
3 we obtain
(7) dH(Di,Ωi)→ 0 as i→∞.
Let µi, νi denote the unit Radon measure of M induced by integration over
Si and Σi, respectively.
Lemma 4.3. limi→∞ µi = limi→∞ νi.
Proof. Without loss of generality we can assume that both measures con-
verge. Fix 0 < η < 1.
We saw in Proposition 4.1 that Di is locally area-minimizing mod 2 in H
3
and so we have from (7) that for all i sufficiently large and every geodesic
ball B ⊂ H3 of small radius
area(Di ∩B) ≤ (1 + η)area(Ωi ∩B)
and thus from the fact that area(Si)area(Σi)
−1 → 1 as i→∞ we have
lim
i→∞
µi ≤ (1 + η) lim
i→∞
νi.
Denote the set Kη,i ⊂ Σi simply by Ki and let Kˆi ⊂ Ωi denote its pre-
image. We have from (6) that for all i sufficiently large, νi(M \ Ki) ≤
2η. From the definition of r¯, the fact that geodesics in Ωi are (1 + oi(1))-
quasigeodesics, and (7) we have that for all i sufficiently large and all x ∈ Kˆi,
Br¯(x) ∩Ωi is very close to a geodesic disc of radius r¯ in Di. Thus for every
geodesic ball B ⊂M of radius sufficiently small we obtain
lim
i→∞
µi(B) ≥ lim
i→∞
νi(B ∩Ki) ≥ lim
i→∞
νi(B)− 2η.
Making η → 0 we deduce the result. 
In order to prove property (b) of theorem we need to use some more
properties related with the construction of Σε. Namely the nearly equidis-
tribution in the frame bundle F(M) of M of the skew-pants that define
Σε.
An oriented (R, δ)-skew pants is defined as being the homotopy class of
some oriented (R, δ)-geometric skew-pants immersion f : P →M , where the
homotopies preserve the image and orientation of the boundary geodesics.
The space P(R, δ) of all such homotopy classes contains only finitely many
elements.
Given a point x = (p, (e1, e2, e3)) ∈ F(M) we get a natural orientation
in the 2-plane V = span{e1, e2} ⊂ TpM and an oriented ideal triangle
T (x) ⊂ V whose vertices are the endpoints of the geodesic ray based at
p with initial velocity e1 and its 2pi/3 consecutive rotations in U (see [13,
Section 4] for definitions: in the codimension one setting framed tripods
and frames can be identified). For all R large enough and δ small it is
shown in Lemma 7.4 of [13] (combined with Lemma 4.3 [13]) that for every
pair (x, y) ∈ F(M)2 there are many (R, δ)-geometric skew-pants (which
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we denote by P (x, y)) with the property that, except from 3 twisted bands
whose area can be made very small, the rest of P (x, y) is arbitrarily close
in Hausdorff distance to the two ideal triangles T (x), T (y). One sees from
the construction that these geometric skew-pants have all the same geodesic
boundary and are homotopic (this is explained in [13, page 832]). Thus we
get a map Pˆ : F(M)2 → P (R, δ), where Pˆ (x, y) denotes the homotopy class
of any of the (R, δ)-geometric skew-pants P (x, y).
Let λ2 denote the normalized Lebesgue measure in F(M)2. For each
(R, δ) consider the measure µ in F(M)2 that is obtained by integrating dµ
defined in [13, page 849] along the fiber F(M)3. It is absolutely continuous
with respect to λ2 and its Radon-Nikodym derivative has order 1+O(1/R).
For each P ∈ P (R, δ) set h(P ) = µ(Pˆ−1(P )). In Proposition 7.3 of [13] we
see that the surface Σε is constructed by attaching elements of P (R, δ) and
if nP denotes the number of times that P ∈ P (R, δ) appears in Σε then
(8) nP ≥
h(P )
2
∑
Q∈P (R,δ)
nQ =
h(P )
2
2(g − 1),
where g is the genus of Σε.
The claim below and Lemma 4.3 proves Theorem 4.2 (b).
Claim: For every geodesic ball B ⊂M we have lim inf i→∞ νi(B) > 0.
It suffices to consider the case where each Σi is one of the surfaces con-
structed in [13] (the finite covering case follows immediately). Choose B˜ ⊂ B
a smaller concentric ball inM so that if U denotes its preimage in F(M) we
can find a constant c0 (depending on B and B˜) so that area(T (x)∩B) ≥ 2c0
for all x ∈ U . Thus for all R large and δ small we have that
area(P (x, y) ∩B) ≥ c0
for all x ∈ U , y ∈ F(M). Set
Λ = {P ∈ P (R, δ) : Pˆ−1(P ) ∩ (U ×F(M)) 6= ∅}.
Each time P ∈ Λ choose its geometric representative to be P (x, y) where
x ∈ U . Therefore for all i sufficiently large we have using (8) that
area(Σi ∩B) ≥
∑
P∈Λ
nP area(P ∩B) ≥ c0(g − 1)
∑
P∈Λ
h(P )
≥ c0(g − 1)µ(U ×F(M)) ≥ c0µ(U ×F(M))area(Σi)/5pi.
This proves the claim.

5. Asymptotic inequality
Consider {Si}i∈N a sequence of minimal essential immersions given by
Theorem 4.2, each inducing a surface group Gi < Γ. For each i ∈ N consider
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as well the minimal essential immersion Σi ⊂ M that minimizes area with
respect to the metric h in the homotopy class of Si (using [31] for instance).
The goal of this section (and the next) is to prove the following result.
Theorem 5.1. Assume the metric h has sectional curvature ≤ −1. Then
lim sup
i→∞
areah(Σi)
area(Si)
≤ 1.
If equality holds then the metric h is hyperbolic.
Proof. Let gi denote the genus of Si. From Gauss equation we have that
(9) areah(Σi) = 4pi(gi − 1) +
∫
Σi
(K12 + 1)dAh −
1
2
∫
Σi
|A|2dAh,
where K12(x) is the ambient sectional curvature of TxΣi. Using the fact
that K12 ≤ −1 and (5) we have that
lim sup
i→∞
areah(Σi)
area(Si)
≤ 1
with equality implying that
lim
i→∞
1
areah(Σi)
∫
Σi
|A|2 − (K12 + 1)dAh = 0.
Consider the nonnegative smooth function fi = |A|
2 − (K12 + 1) on Σi. We
then have
lim
i→∞
1
areah(Σi)
∫
Σi
|fi|dAh = 0.
In Section 6 we show (see Corollary 6.2) the existence of a group Hi < Γ
conjugate to Gi so that if Di, Ωi denote, respectively, the lifts of Si and Σi
to H3 that are preserved by Hi we have, after passing to a subsequence,
(i) Λ(Hi) converges in Hausdorff distance, as i→∞, to γ ∈ C with Γγ
dense in C and
(ii) for all R > 0
(10) lim
i→∞
∫
Ωi∩BR(p)
|fi|dAh = 0.
From (i) we have that all Di’s must intersect a compact set in H
3 and so
Proposition 4.1 implies that {Di}i∈N converges to a totally geodesic disc D
for the hyperbolic metric with ∂∞D = γ.
Because the ambient curvature is negative, Σi is negatively curved and so,
in virtue of being essential, its injectivity radius has a uniform lower bound
for all i ∈ N. Hence, standard stability estimates imply that the second
fundamental form of Σi is uniformly bounded for all i ∈ N along with all its
derivatives. As a result we have from (10) that
(11) lim
i→∞
sup{|A|(x) + |K12(x) + 1| : x ∈ Ωi ∩BR(p)} = 0, all R > 0.
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Proposition 5.2. There is a totally geodesic disc Ω in (B3, h) with ∂∞Ω = γ
and such that the sectional curvature of TxΩ is −1 for all x ∈ Ω.
Proof. From Theorem 3.1 we obtain the existence of a compact set K that
intersects Ωi for all i ∈ N. Choose xi ∈ Ωi ∩K and denote by B
i
R(xi) ⊂ Ωi
the intrinsic ball of radiusR centered at xi. Note that Ωi is negatively curved
and thus BiR(xi) is diffeomorphic to a disc for all i sufficiently large. Stan-
dard compactness of minimal surfaces with uniform bounds on the second
fundamental form gives the existence of a complete minimal surface Ω ⊂ B3
so that, after passing to a subsequence, intrinsic discs in Ωi centered at xi
converge strongly to intrinsic discs in Ω. Furthermore, from (11), we have
that Ω is totally geodesic and the sectional curvature of TxΩ is −1 for all
x ∈ Ω. As a result Ω is diffeomorphic to a disc. We have from Proposition
3.3 that Ωi ⊂ Ch(Λ(Hi)) for all i sufficiently large and so ∂∞Ω ⊂ γ. On the
other hand, ∂∞Ω is homeomorphic to a circle and so it must be equal to
γ. 
Consider the following circle bundles
SD1 := {(p, v) : p ∈ D, v ∈ TpD, h¯(v, v) = 1}
and
SΩ1 := {(p, v) : p ∈ Ω, v ∈ TpΩ, h(v, v) = 1}.
Denote by S1M(h¯) and S1M(h) the unit tangent bundle of M with respect
to h¯ and h respectively, and let SD1 (M) ⊂ S1M(h¯), S
Ω
1 (M) ⊂ S1M(h)
denote, respectively, the projection to S1M(h¯) and S1M(h) of S
D
1 and S
Ω
1 .
From (i) we have that SD1 (M) is dense in S1M(h¯).
We now argue that the sectional curvature of every 2-plane in (M,h) is
−1.
Claim: For every (p, v) ∈ S1(M)(h) there is a totally geodesic hyperbolic
disc Ω(p,v) in (B
3, h) whose projection in M contains the geodesic passing
through p with direction v.
From the geodesic rigidity proven in Gromov [12] there is a homeomor-
phism T from S1M(h¯) to S1M(h) that maps geodesics onto geodesics, mean-
ing that if γ is a geodesic in (M, h¯), there is a geodesic σ in (M,h) so that for
all t ∈ R there is s ∈ R so that T (γ(t), γ′(t)) = (σ(s), σ′(s)). Moreover, from
its proof (see [18, Theorem 2.12] for instance), T can be chosen so that if
γ(+∞), γ(−∞) ∈ S2∞ are the asymptotes of γ, then σ has the same asymp-
totes in S2∞. Thus, from the fact that ∂∞Ω = ∂∞D and that both D and Ω
are totally geodesic, we have that T is also a homeomorphism from SD1 (M)
onto SΩ1 (M). Therefore, because S
D
1 (M) is dense in S1M(h¯) we obtain that
SΩ1 (M) is also dense in S1M(h). As a result, for every (p, v) ∈ S1M(h) we
can find a sequence of points {ωi}i∈N in S
Ω
1 whose projection to S1M(h)
converges to (p, v) and so applying the same reasoning as in Proposition
4.1 to a suitable sequence {φi(Ω)}i∈N, where φi ∈ Γ, we obtain a totally
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geodesic hyperbolic disc Ω(p,v) ⊂ B
3 whose projection in M contains the
geodesic passing through p with direction v.
Recalling the discussion in Section 2.4, choose (p, (e1, e2, e3)) ∈ F(M)(h)
whose orbit under the frame flow
Ft((p, (e1, e2, e3))) = (γ(t), (γ
′(t), e2(t), e3(t))), t ≥ 0
is dense in F(M)(h). We abuse notation and denote the lift of γ to B3 by γ.
By applying a rotation if necessary, we can prescribe the vector e2 to be any
unit vector orthogonal to e1 that we still obtain a dense orbit in F(M)(h).
Hence we assume that {e1, e2} span Tγ(0)Ω(p,e1), in which case the fact that
Ω(p,e1) is totally geodesic implies that span{γ
′(t), e2(t)} = Tγ(t)Ω(p,e1) for all
t ≥ 0. Therefore the set of 2-planes with sectional curvature −1 is dense in
Gr2(M) and this implies the desired result.

6. Nearly totally geodesic minimal surfaces
We continue assuming the set up of the last section. Namely we have
a sequence of minimal essential immersions {Si}i∈N given by Theorem 4.2,
each inducing a surface group Gi < Γ and lifting to a disc Di ⊂ H
3 that is
preserved by Gi.
For each i ∈ N consider as well the minimal essential immersion Σi ⊂M
that minimizes area with respect to the metric h in the homotopy class of
Si and such that there is a continuous function fi : Σi → R so that
(12) lim
i→∞
1
areah(Σi)
∫
Σi
|fi|dAh = 0.
Let Ωi denote the disc lifting Σi to B
3 that is preserved by Gi < Γ, i ∈ N. To
make notation easier, it is understood that the function fi on φ(Ωi), φ ∈ Γ,
means fi ◦ piΩi ◦ φ
−1, where piΩi is the projection from Ωi to Σi.
Fix p ∈ H3, consider for every ε,R > 0
Fi(ε,R) =
{
φ ∈ Γ :
∫
φ(Ωi)∩BR(p)
|fi|dAh ≤ ε
}
and define L ⊂ C as
L = {γ ∈ C : ∃φi ∈ Fi(εi, Ri) with εi → 0, Ri →∞ so that,
after passing to a subsequence, Λ(φiGiφ
−1
i ) converges to γ}.
The goal of this section is to show
Theorem 6.1. L = C and so there is γ ∈L so that Γγ is dense in C.
This result has the following corollary
Corollary 6.2. There is a conjugate group Hi = φiGiφ
−1
i , φi ∈ Γ, so that,
after passing to a subsequence,
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a) Λ(Hi) converges in Hausdorff distance, as i→∞, to γ ∈ C with Γγ
dense in C and
b) for all R > 0
lim
i→∞
∫
φi(Ωi)∩BR(p)
|fi|dAh = 0.
Proof of Theorem 6.1. We start by showing
Lemma 6.3. The set L is closed and Γ-invariant.
Proof. The fact that it is closed follows by extracting a diagonal subsequence.
With ψ ∈ Γ, set α = d(p, ψ(p)). Using the fact that ψ−1(BR−α(p)) ⊂
BR(p) the reader can check that, for all R > 0 and all ε > 0,
(13) φ ∈ Fi(ε,R) =⇒ ψφ ∈ Fi(ε,R − α).
Combining this with the fact that ψ(Λ(H)) = Λ(ψHψ−1) for every discrete
subgroup H ⊂ Γ, follows at once that if γ ∈ C then ψ(γ) ∈ C. 
Hence, it suffices to find γ ∈L so that Γγ is dense inC. Before we provide
the details we describe first the general idea. The key step is to show that
for every compact set K ⊂ H3 there is γ ∈ L so that C(γ) intersects K.
Indeed, if no dense orbit exists then every point in L is isolated (Theorem
2.6) and so we can find a compact set K so that C(γ) never intersects K
for all γ ∈L, which is a contradiction.
Consider a Dirichlet fundament domain p ∈ ∆ for M so that ∂∆ is trans-
verse to both φ(Di) and φ(Ωi) for all φ ∈ Γ. We now consider Γ
Si , ΓSi(K)
to be the set of all lifts of Si that intersect ∆, K, respectively, Γ
Σi to be the
set of all lifts of Σi that intersect ∆, and Γ
Σi(ε,R) to be the lifts in ΓΣi for
which the function |fi| is small in L
1 on a ball of radius R. More precisely,
ΓSi = {φ ∈ Γ : φ(Di) ∩∆ 6= ∅}, Γ
Si(K) = {φ ∈ Γ : φ(Di) ∩K 6= ∅},
ΓΣi = {φ ∈ Γ : φ(Ωi) ∩∆ 6= ∅}, Γ
Σi(ε,R) = Fi(ε,R) ∩ Γ
Σi .
We want to find εi → 0, Ri → ∞, so that Γ
Si(K) ∩ F (εi, Ri) is always
nonempty.
The strategy is the following: The sets described above are all invariant by
right multiplication withGi becauseGi preserves bothDi and Ωi. We denote
the projection of these sets in Γ \ Gi by Γ
Si , ΓΣi ,ΓSi(K), and ΓΣi(ε,R).
We will see that, for all i very large, #ΓSi is proportional to area(Si), use
the fact that dH(Ωi,Di) is bounded to conclude that Γ
Si and ΓΣi are at
a finite Hausdorff distance from each other, deduce from Theorem 4.2 b)
that #Γ
Si(K)
#ΓSi
is bounded below away from zero, and use (12) to deduce that
#ΓΣi (ε,R)
#ΓΣi
≃ 1. Putting all these facts together one can then conclude that
ΓSi(K) ∩ F (ε,R) 6= ∅ for all i very large. We now provide the details.
Referring to the notation set in Section 2.1, we fix a representative φ for
each coset φGi ∈ Γ \Gi. Recall that ν is the measure given by Theorem 4.2
b)
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Proposition 6.4. There are constants n = n(M,h) ∈ N, α = α(M) > 0,
and β = β(ν,K) > 0 so that for all i sufficiently large
a) dH(Γ
Si ,ΓΣi) ≤ n;
b) α−1area(Si) ≤ #Γ
Si ≤ αarea(Si);
c) lim inf i→∞
#ΓSi(K)
#ΓSi
≥ β.
Proof. From Theorem 3.1 we have the existence of c1 = c1(h) so that
dH(φ(Di), φ(Ωi)) ≤ c1 for all φ ∈ Γ for all i sufficiently large and from
Lemma 2.2 we have the existence of n = n(M, c1) ∈ N so that Bc1(x) ⊂
∪|φ|≤nφ(∆) for all x ∈ ∆.
Choose ψ ∈ ΓSi and pick x ∈ ψ(Di)∩∆. There is y ∈ ψ(Ωi)∩Bc1(x) and
thus some φ ∈ Γ with |φ| ≤ n for which φ−1(ψ(Ωi)) ∩∆ 6= ∅. Hence Γ
Si is
in a n-neighborhood of ΓΣi (for the distance d) and reversing the roles of
Σi and Si proves a).
Recall from Section 2.1 that for all ψ ∈ Γ, ∆i = ∪φ∈Γ\Giφ
−1(ψ(∆)) is a
fundamental domain for H3 \Gi. Thus
(14) area (Si) =
∑
φ∈Γ\Gi
area (φ(Di) ∩ ψ(∆)).
ChooseA ⊂ Γ a finite set so that a neighborhood of radius 1 of ∆ is contained
in the interior of ∪ψ∈Aψ(∆). If x ∈ φ(Di) ∩ ∆ then we have from the
monotonicity formula that, for some c2 = c2(M),
c2 ≤ area (φ(Di) ∩B1(x)) ≤
∑
ψ∈A
area (φ(Di) ∩ ψ(∆))
and so, using (14),
c2#Γ
Si ≤
∑
ψ∈A
∑
φ∈ΓSi
area (φ(Di) ∩ ψ(∆))
≤
∑
ψ∈A
∑
φ∈Γ\Gi
area (φ(Di) ∩ ψ(∆)) = #A area (Si)
Applying Proposition 4.1 to any sequence φ
i
(Di) with φi ∈ Γ
Si we obtain
the existence of a constant c3 = c3(M) so that for all i sufficiently large we
have
(15) area (φ(Di) ∩∆) ≤ c3 for all φ ∈ Γ
Si .
Thus
area (Si) =
∑
φ∈Γ\Gi
area (φ(Di) ∩∆) =
∑
φ∈ΓSi
area (φ(Di) ∩∆) ≤ c3#Γ
Si
and hence for all i sufficiently large
1
c3
areaSi ≤ #Γ
Si ≤
#A
c2
areaSi.
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This proves b).
Let f ∈ C0(M) be a function with 0 ≤ f ≤ 1 and support contained in
K. Using (15) we have that for all i sufficiently large∫
Si
fdA =
∑
φ∈Γ\Gi
∫
φ(Di)∩∆
fdA =
∑
φ∈ΓSi(K)
∫
φ(Di)∩∆
fdA ≤ c3#Γ
Si(K)
which means that
c3
#ΓSi(K)
#ΓSi
≥
1
area (Si)
∫
Si
fdA
and this proves c).

In light of Proposition 6.4 a) we can construct, for all i sufficiently large,
a map Pi : Γ
Si → ΓΣi so that
i) d(Pi(φ), φ) ≤ n for all φ ∈ Γ
Si ;
ii) Pi(φg) = Pi(φ)g for all φ ∈ Γ
Si , g ∈ Gi.
Set ΓSi(ε,R) = P−1i (Γ
Σi(ε,R)). Because the map Pi is Gi-invariant then
ΓSi(ε,R) is also Gi-invariant and Pi descends to map P i : Γ
Si → ΓΣi .
Proposition 6.5. For all ε > 0, R > 0,
lim inf
i→∞
#ΓSi(ε,R)
#ΓSi
= 1.
Proof. Due to the fact that both Si and Σi minimize area in their homotopy
class, there is a constant c1 = c1(h) so that
c−11 areah(Σi) ≤ area(Si) ≤ c1 areah(Σi)
for all i ∈ N and so we deduce from Proposition 6.4 b) the existence of
c2 = c2(h,M) so that, for all i sufficiently large,
(16) c−12 areah(Σi) ≤ #Γ
Si ≤ c2 areah(Σi).
Set LΣi(ε,R) := ΓΣi−ΓΣi(ε,R), i ∈ N and denote its projection to Γ\Gi
by LΣi(ε,R). From Lemma 2.2 there is nR = nR(R,M) so that
BR(p) ⊂ ∪|ψ|≤nRφ(∆)
and set c3 = #{ψ ∈ Γ : |ψ| ≤ nR}. Then, recalling that
∆i = ∪φ∈Γ\Giφ
−1(ψ(∆))
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is a fundamental domain for H3 \Gi for all ψ ∈ Γ, we have
c3
∫
Σi
|fi|dAh =
∑
|ψ|≤nR
∑
φ∈Γ\Gi
∫
φ(Ωi)∩ψ(∆)
|fi|dAh
=
∑
φ∈Γ\Gi
∑
|ψ|≤nR
∫
φ(Ωi)∩ψ(∆)
|fi|dAh ≥
∑
φ∈Γ\Gi
∫
φ(Ωi)∩BR(p)
|fi|dAh
≥
∑
φ∈LΣi (ε,R)
∫
φ(Ωi)∩BR(p)
|fi|dAh ≥ ε#L
Σi(ε,R).
Hence
#LΣi(ε,R)
areah(Σi)
≤
c3
εareah(Σi)
∫
Σi
|fi|dAh
and we deduce from (12) and (16) that
lim inf
i→∞
#LΣi(ε,R)
#ΓSi
= 0.
Set, for all i sufficiently large, LSi(ε,R) = P−1i (L
Σi(ε,R)) which has its
projection to Γ \Gi satisfying L
Si(ε,R) = P−1i (L
Σi(ε,R)).
Define c4 = #{φ ∈ Γ : |φ| ≤ n}, where n is the constant in Proposition
6.4 a). From property i) of the map Pi we have that #P
−1
i (ψ) ≤ c4 for all
ψ ∈ ΓΣi . Hence from property ii) we deduce that #LSi(ε,R) ≤ c4#L
Σi(ε,R)
and we obtain
lim inf
i→∞
#LSi(ε,R)
#ΓSi
= 0.
The desired result follows because the reader can check that ΓSi(ε,R) =
ΓSi − LSi(ε,R). 
This proposition allows us to choose εi → 0 and Ri →∞ as i→ 0 so that
(17) lim inf
i→∞
#ΓSi(εi, Ri)
#ΓSi
= 1.
Lemma 6.6. There is a constant c = c(M,h) so that for every compact set
K contained in ∆ we can find {φi}i∈N ⊂ Γ so that for all i sufficiently large
φi ∈ Γ
Si(K) ∩ Fi(εi, Ri − c).
Proof. From Proposition 6.4 c) and (17) we can choose {φi}i∈N ⊂ Γ so that
for all i sufficiently large
φi ∈ Γ
Si(εi, Ri) ∩ Γ
Si(K).
Thus from the definition of Pi there is gi ∈ Γ with |gi| ≤ n so that giφi ∈
Fi(εi, Ri). Set c = max{d(p, φ(p)) : |φ| ≤ n}. Then from (13) we have that
φi ∈ Fi(εi, Ri − c) for all i sufficiently large. 
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Suppose thatL has no element with a dense Γ-orbit in C. Then Theorem
2.6 implies that every point in L is isolated and so the set
{γ ∈L : C(γ) ∩∆ 6= ∅}
is finite. Thus, because every γ ∈L has C(γ) projecting to a closed surface
in M , we can choose a compact set K ⊂ ∆ so that C(γ) ∩ K = ∅ for all
γ ∈ L. On the other hand, applying Theorem 4.1 to φi(Di), where the
sequence {φi}i∈N ⊂ Γ is the one given by Lemma 6.6, we obtain γ ∈ L for
which C(γ) ∩K 6= ∅, which is a contradiction. 
7. Proof of Theorem 1
This section is devoted to the proof of Theorem 1. Recall that given a
closed Riemannian manifold (N, g), the volume entropy is defined as
Evol(g) = lim
R→∞
ln vol(B̂R(x))
R
= lim
R→∞
ln#{γ ∈ pi1(N) : dˆ(x, γ(x)) ≤ R}
R
,
where B̂R(p) and dˆ denote, respectively, the geodesic balls and distance
function induced by g in the universal cover Nˆ of N . The fact that the first
limit exists was first observed in [20] and it is standard to check the second
identity.
Suppose we have an essential immersion Σ ⊂M which lifts to a disc Ω in
the universal cover Mˆ of M . In this case pi1(Σ) acts naturally by isometries
in Mˆ and if dˆΩ denotes the intrinsic distance in Ω we have dˆ(x, y) ≤ dˆΩ(x, y)
for all x, y ∈ Ω. Thus
#{γ ∈ pi1(Σ) : dˆΩ(x, γ(x)) ≤ R} ≤#{γ ∈ pi1(Σ) : dˆ(x, γ(x)) ≤ R}
≤#{γ ∈ pi1(M) : dˆ(x, γ(x)) ≤ R}.
Hence Evol(hΣ) ≤ Evol(h). From [6] we have Evol(hΣ)
2areah(Σ) ≥ 4pi(g−1),
where g is the genus of Σ and so by minimizing area in the homotopy class
Π of Σ we deduce that
areah(Π) ≥ Evol(h)
−24pi(g − 1).
Thus, denoting by ⌊x⌋ the integer part of x,
areah(Π) ≤ 4pi(L− 1) =⇒ Π ∈ S(M,
⌊
Evol(h)
2L
⌋
),
and so, for all ε > 0 and all L sufficiently large, we have from Theorem 4.2
that
ln#{areah(Π) ≤ 4pi(L− 1) : Π ∈ Sε(M)} ≤ ln s(M,
⌊
Evol(h)
2L
⌋
, ε)
≤ 2Evol(h)
2L ln(c2Evol(h)
2L),
which implies that E(h) ≤ 2Evol(h)
2. Next we compute E(h¯).
Given Π ∈ Sε(M), consider the essential minimal surface S ∈ Π so that
area(S) = area(Π). From Theorem 4.1 we have |A|2L∞(S) = oε(1), meaning
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that if ε is very small then the quantity on the left side will also be small.
Let g be the genus of S. The integrated form of Gauss’s equation (9) gives
area(S) = 4pi(g − 1) + oε(1)area(S)
and so for all ε uniformly small we have
(18) area(S) = 4pi(g − 1)(1 + oε(1)).
One immediate consequence is that, given δ > 0, for all ε small and all L
large (depending on δ but independently of Π) we have both
area(Π) ≤ 4pi(L− 1) and Π ∈ Sε(M) =⇒ Π ∈ S(M, ⌊(1 + δ)L⌋ , ε),
Π ∈ S(M, ⌊(1− δ)L⌋ , ε) =⇒ area(Π) ≤ 4pi(L− 1)
and so, recalling the notation set in Section 4,
ln s(M, ⌊(1− δ)L⌋ , ε) ≤ ln#{area(Π) ≤ 4pi(L− 1) : Π ∈ Sε(M)}
≤ ln s(M, ⌊(1 + δ)L⌋ , ε).
Combining with Theorem 4.2 we deduce that for all ε small
2(1− δ) ≤ lim inf
L→∞
ln#{area(Π) ≤ 4pi(L− 1) : Π ∈ Sε(M)}
L lnL
≤ 2(1 + δ).
The arbitrariness of δ shows that E(h¯) = 2.
Suppose now that the sectional curvature of h is less than or equal to −1.
From the integrated form of Gauss’s equation (9) we have that every genus
g minimal surface has areah(Σ) ≤ 4pi(g−1). Thus Π ∈ S(M, ⌊L⌋ , ε) implies
that areah(Π) ≤ 4pi(L− 1). Hence
#{areah(Π) ≤ 4pi(L− 1) : Π ∈ Sε(M)} ≥ s(M, ⌊L⌋ , ε)
and so Theorem 4.2 implies that E(h) ≥ 2 = E(h¯).
Suppose now that E(h) = 2. Consider the set G(M,g, ε) ⊂ S(M,g, ε)
given by Theorem 4.2.
Claim: For all δ > 0, there is j ∈ N so that for all i ≥ j we can find g ∈ N
and Π ∈ G(M,g, 1/i) so that
areah(Π) > 4pi((1 + δ)
−1g − 1).
Suppose not. In that case there is an increasing sequence of integers {ij}j∈N
so that for all g ∈ N and Π ∈ G(M,g, i−1j ) we have
areah(Π) ≤ 4pi((1 + δ)
−1g − 1)
and hence, for all L ≥ 0
Π ∈ G(M, ⌊(1 + δ)L⌋ , i−1j ) =⇒ areah(Π) ≤ 4pi(L− 1).
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Thus, for all j ∈ N,
lim inf
L→∞
ln#{areah(Π) ≤ 4pi(L− 1) : Π ∈ Si−1j
(M)}
L lnL
≥ lim inf
L→∞
ln#G(M, ⌊(1 + δ)L⌋ , i−1j )
L lnL
≥ 2(1 + δ),
which contradicts E(h) = 2.
Therefore we can find an increasing sequence of integers {ji}i∈N and a
sequence Πi ∈ G(M,gi, j
−1
i ), i ∈ N, so that
(19) areah(Πi) ≥ 4pi((1 − 1/i)gi − 1) for all i ∈ N.
Denote by Si,Σi the minimal surfaces that minimize area in the homotopy
class Πi with respect to h and h¯ respectively. We have area(Si) ≤ 4pi(gi−1)
and so we deduce from (19) that
(20) lim inf
i→∞
areah(Σi)
area(Si)
≥ lim inf
i→∞
4pi((1 − 1/i)gi − 1)
4pi(gi − 1)
= 1.
The rigidity follows from Theorem 5.1.
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